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Problem Statement: online setting

min
x∈E

f (x) := E𝜉∼𝒟[f (x; 𝜉)],

functions f ,∇f ,∇2f ,∇3f , . . . ,∇pf are Lipschitz
continuous for all i ∈ {0,1, . . . , p}, x, y ∈ E:

‖∇i f (x) −∇i f (y)‖ ≤ Li‖x − y‖.
And

‖∇i f (x, 𝜉) −∇i f (x)‖ ≤ Mi .



Problem Statement: offline setting

min
x∈Rn

f (x) =
1
m

m∑︁
i=1

fi(x).

functions f ,∇f ,∇2f ,∇3f , . . . ,∇pf are Lipschitz
continuous for all i ∈ {0,1, . . . , p}, x, y ∈ E:

‖∇i f (x) −∇i f (y)‖ ≤ Li‖x − y‖.



Some Definitions

Power prox function:

dp(x) =
1
p
‖x‖p

Taylor approximation of function f :

Φx,p(y)
def
= f (x) +

p∑︁
i=1

1
i !
D i f (x)[y − x]i , y ∈ E

Nesterov’s model:
Ωx,p(y) = Φx,p(y) +

M

(p − 1)!
dp+1(y − x)



Some Definitions

Inexact Taylor approximation

𝜑xk ,p(y) = f (xk) + g⊤k (y − xk) +
1
2

(y − xk)⊤Bk(y − xk)

+
1
6
Tk [(y − xk)]3,

where gk ,Bk ,Tk are approximate derivatives
∇f (xk) ,∇2f (xk) ,∇3f (xk) through sampling.



Sampling Conditions

For a given 𝜀 accuracy, one can choose the size of
the sample sets 𝒮i for sufficiently small 𝜅i > 0 such
that ∀y ∈ Rd

‖(Gxk ,i−∇i f (xk))[y−xk ]i−1‖ ≤ 𝜅i𝜀
(p−i+1)/p‖y−xk‖i−1.

For sampled gradient, Hessian and tensor of
third-order partial derivatives

‖gk −∇f (xk)‖ ≤ 𝜅g𝜀,

‖(Bk −∇2f (xk))[y − xk ]‖ ≤ 𝜅b𝜀
2/3‖y − xk‖,

‖Tk [y − xk ]2 −∇3f (xk)[y − xk ]2‖ ≤ 𝜅t𝜀
1/3‖y − xk‖2.



Sampling Conditions

Lemma. Let Assumptions be satisfied. Then for any
fixed small constants 𝜅i > 0 we can choose sample
set 𝒮i sizes of approximate derivatives Gi

ni = 𝒪̃
(︂

(Li−1 + Mi)
2

𝜅2
i

· 𝜀−
2(p−i+1)

p

)︂
so that with probability 1 − 𝛿 sampling conditions
hold.



Inexact Model

𝜔x,p(y) = 𝜑x,p(y) + 𝛿1‖y − x‖ +

p∑︁
i=2

𝛿i
(i − 2)!

di(y − x)+

𝜎

(p − 1)!
dp+1(y − x)

Theorem 1.
Model 𝜔x,p(y) majorizes the function f :

f (x) ≤ 𝜔x,p(y).
Theorem 2.
Model 𝜔x,p(y) is convex for all y ∈ E.



Algorithm

xt+1 = arg min
y∈Rn

𝜔xt ,p(y)

Theorem 3. If Condition 1 is satisfied and 𝜎 ≥ Lp
then

f (xT+1) − f (x*) ≤

O

(︃
𝜅1𝜀D +

p∑︁
i=2

𝜅i𝜀
p+1−i

p D i

T i−1 +
𝜎Dp+1

T p

)︃
.

Complexity O
(︁(︀

LpD
p+1/𝜀

)︀1/p)︁
.



Accelerated Stochastic Tensor
Method



Sampling Conditions

For a given 𝜀 accuracy, one can choose the size of
the sample sets 𝒮i for sufficiently small 𝜅i > 0 such
that ∀y ∈ Rd

1
2
𝜅i𝜀

p+1−i
p+1 ‖y − x‖i−2I 4 (Gx ,i −∇i f (x))[y − x]i−2

4 𝜅i𝜀
p+1−i
p+1 ‖y − x‖i−2I , i = 2, . . . , p.

Corollary.

‖(Gx,i −∇i f (x))[y − x]i−1‖ ≤ 𝜅i𝜀
(p−i+1)/p‖y − x‖.





Rate of Convergence

After T iterations of Accelerated Stochastic Tensor
Method function f will satisfy:

f (xT ) − f (x*) ≤

≤ O

(︃
p∑︁

i=2

𝜅i𝜀
p+1−i
p+1 R i

T i
+

(Lp + p𝛽)Rp+1

T p+1

)︃
.

Complexity O(𝜀−
1

p+1 ).



Implementation Details



Solution of the Auxiliary Problems

Smooth 𝜔x,p(s) using the following inequality

‖x‖ ≤ ‖x‖2

2𝛼
+

𝛼

2
.

On each step we need to solve the following problem:

𝜁x,3(y) = 𝜑x,3(y) +

(︂
𝜎

2
+

2𝜅t

3

)︂
d4(y − x)+

+

(︃
𝜅g𝜀

2
3

2
+ 𝜅b𝜀

2
3 +

𝜅t𝜀
2
3

2

)︃
d2(y − x) +

𝜅g𝜀
4
3

2
→ min

y∈E
.



Solution of the Auxiliary Problem

Lemma 1.
Function 𝜁k(s) satisfies the strong relative convexity
and relative smoothness conditions

∇2𝜌x(s) 4 ∇2𝜁(s) 4
(︂
𝜏 + 2
𝜏 − 2

)︂
∇2𝜌x(s).

with
𝜌x = 1

2

(︀
1 − 2

𝜏

)︀
⟨Bh, h⟩+ 𝜎−L3𝜏

2 d4(s)+
(︀
1 − 2

𝜏

)︀
C2d2(s)+

(︀
1 − 2

𝜏

)︀ 2𝜅t

3 d4(s).

This condition allows us to solve the auxiliary
problem very efficiently.



Solution of the Auxiliary Problem

We solve the auxiliary problem with the following
algorithm:

hk+1 = arg min
h∈E

{⟨∇𝜁 (hk) , h − hk⟩ + 𝜅(𝜏)𝛽𝜌x (hk , h)) ,

where 𝛽𝜌x(u, v) is the Bregman divergence of
function 𝜌x(·):
𝛽𝜌x(u, v) = 𝜌x(v) − 𝜌x(u) − ⟨∇𝜌x(u), v − u⟩.

This method has linear rate of convergence.



Implementation Details
Accelerated Stochastic Tensor Method



Sampling Conditions

For a given 𝜀 accuracy, one can choose the size of
the sample sets 𝒮i for sufficiently small 𝜅i > 0 such
that ∀y ∈ Rd

1
2
𝜅i𝜀

p+1−i
p+1 ‖y − x‖i−2I 4 (Gx,i −∇i f (x))[y − x]i−2

4 𝜅i𝜀
p+1−i
p+1 ‖y − x‖i−2I , i = 2, . . . , p.



Sampling Conditions

To satisfy sampling conditions for accelerated method
we can do the following:

Sample Gx,i (as in non-accelerated method) s.t.
‖(Gx,i−∇i f (x))[y−x]i−1‖ ≤ 𝜅i𝜀

(p−i+1)/p‖y−x‖.
Add regularization 3𝜅i𝜀

p+i−1
p+1 Ei [y − x ]i−2.

We obtain

2𝜅i𝜀
p+1−i
p+1 ‖y − x‖i−2I 4 (Gx,i + 3𝜅i𝜀

p+1−i
p+1 Ei −∇i f (x))[y − x]i−2

4 4𝜅i𝜀
p+1−i
p+1 ‖y − x‖i−2I , i = 2, . . . , p.



Auxiliary Problem

On each step of accelerated method we need to solve
the following subproblem

xt+1 = arg min
x∈Rn

{𝜑ut ,p(x) +
𝜎

(p − 1)!
dp+1(x − ut)}.

Using regularization from the previous slide the
problem becomes:

xt+1 = arg min
x∈E

{𝜑ut ,p(x) +

p∑︁
i=2

2𝜅i𝜀
p+1−2
p+1 di(x − ut)+

𝜎

(p − 1)!
dp+1(x − ut)}.

That subproblem can be solved for p = 3 like in
non-accelerated method.
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